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Abstract 

Necessary and sufficient conditions for a space-time to be conformal to an Einstein space- 
time are interpreted in terms of curvature restrictions for the corresponding Cartan conformal 
connection. 
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In Rcf. U we gave necessary and sufficient conditions for a 4-dimensional metric to be conformal to 
an Einstein metric. One of these conditions, the vanishing of the Bach tensor of the metric, has been 
discussed by many authors PEIEIE]- In particular, it was interpreted as being equivalent to the 
vanishing of the Yang-Mills current of the corresponding Cartan conformal connection. The other 
condition, which is given in terms of rather complicated equation on the Weyl tensor of the metric 
has not been analyzed from the point of view of the corresponding Cartan conformal connection. 
The purpose of this letter is to fill this gap. 

Let M be a 4-dimensional manifold equipped with the conformal class of metrics [g]. Here we will 
be assuming that g has Lorentzian signature, but our results are also valid in the other two signatures. 

Given a conformal class [g] on M we choose a representative g for the metric. Let 0^, fi = 1,2, 3, 4, 
be a null (or orthonormal) coframe for g on M. This, in particular, means that g = rj^,^9^^6'^ , with 
all the coefficients 77^1, being constants. We define 77'"' by rj'^'^ri^p — 5^p and we will use 77^" and rj^^ 
to rise and lower the Greek indices, respectively. The metric 

ff' = e-2^5 (1) 
conformally related to g will be represented by a coframe 

gi'M ^ e-0giM (2) 

so that 

g' = V^..0"'^"' (3) 

with the same r/^^ as in the expression Q). Given g and 0'' we consider the 1-forms F^^, uniquely 
determined on M by the equations 

d6"' + F''^, A 61" = 0, 
r^ii/ = F[^^,], where F^^ = ?7^pF''^. (4) 

Using F'^j^ we calculate the Riemann tensor 2-forms 



= 7:^%^' A r = dF^, + F^p A TP,, (5) 



and the Ricci part of the Riemann tensor 

i^,, = K^ij'^^K,, and S,^ ^ K,, - ^Krj,^. (6) 

We recall that the metric g is called Einstein iff 

Sf,, = (7) 
and that it is called conformal to Einstein iff there exists cj) such that the metric g' = e~'^'^g is Einstein. 

In the following we will also need 1-forms 

T.^{~^S,p~^Kri,p)eP (8) 

and 2-forms 

C^, = dF^, + r A + F^„ A F", + t'^ A 0„ = 77^^,. (9) 
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It follows that the 2-forms 

C^. = A r (10) 

are the Weyl 2-forms associated with the Weyl tensor C^p^ of the metric g. It is known that the 
Weyl tensor obeys the following identity 



Co^^^pCf'^^'P = \c^bP^, (11) 

where 

C = C^^.p^C^'^f^ (12) 
Using the Bianchi identities one shows that the tensor r^^p defined on M via 

T^Tp = ^Tp,p0'' A9P = dTp + A r''^ (13) 

is 

T.p. = Vf.C%,, (14) 
where Vm is the covariant derivative operator associated with D. 



In the following we will also need the Bach tensor 



Bp, - VV^Cpp,, + -Cf^p.aK'"' (15) 



and a tensor 



]^upa — aC"p^g)C^^'^^ Cp^pa — -C^\7 pC'^^pg. . (16) 

It is known that the vanishing of the Bach tensor is a conformally invariant property. If 7^ the 
vanishing of Npi,p is also conformally invariant. The relevance of both these tensors in the context 
of this letter is given by the following theorem 

Theorem 1 Assume that the metric g satisfies the generiticity condition 

on M . Then the metric is locally conformally equivalent to the Einstein metric if and only if 

(i) Bp^^O and (ii) N,p,^0 (17) 

on M. 
Remarks 

• Conditions (i) and (ii) are independent. In particular, metrics with vanishing Bach tensor and 
not conformal to Einstein metrics are known j^]. 

• If C'^ = the condition (ii) must be replaced by another condition for the above theorem to 
be true. This another condition depends on the algebraic type of the Weyl tensor and is given 
inUl. 

• Baston and Mason |3j gave another version of the above theorem in which condition (ii) was 
replaced by the vanishing of a different tensor than N^p^,. Unlike N,p„, which is cubic in the 
Weyl tensor, the Baston-Mason tensor E,p„^ is only quadratic in C^^jp^. 
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• Merkulov Q interpreted condition (ii) as the vanishing of the Yang-MiUs current of the Cartan 
normal conformal connection oj associated with the metric g. FoUowing him, Baston and Mason 
[5] interpreted the condition i^iyp^ = in terms of curvature condition for uj. 

Although in the context of Theorem 1 conditions (ii) and E^p„ — are equivalent, the tensors iV^^p 
and Ep^p are quite different. In addition to cubic versus quadratic dependence on the Weyl tensor, 
one can mention the fact that it is quite easy to express tensor E^p„ in the spinorial language and 
quite complicated in the tensorial language. Totally oposite situation occurs for the tensor N^p^. 
One of the motivation for the present letter is the existence of the normal conformal connection 



interpretation for the condition Ei, 



0. As far as we know such interpretation of N^p„ = has 



not been discussed. To fill this gap we first give the formal definition of the Cartan normal conformal 
connection. In order to do this we first, introduce the 6x6 matrix 










Qab = 















(18) 





r^-Pip 




and then define the so(2, 4)-valued 1-form uj on M by 



, 11 Je 

Then, we use a Lie subgroup H of SO(2, 4), generated by the 6x6 matrices of the form 

k'^^ A^V'^^a 



(19) 



6 = 



V 







(20) 



to lift the form uj to an so(2, 4)-valued 1-form uj on M x H. Explicitely, if is a generic element of 
H, we put 



so that 



with 



UJ — b 


-'^Ojb + b- 


M6, 








\ 


UJ — 


QW 










f)fcr 

^ '/(Tfl 


J 


e'" = 




0", 



(21) 



(22) 



A = 2^^e'^ + 2d(^, 



A 



-liy 



V ~ P ^" P M 



l^pA + d^p - ^cA- 



P P 
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The so defined form lo is the Cartan normal conformal connection associated with the conformal 
class [g\ written in a particular trivialization of an approppriately defined i?-bundle over M . It can 
be viewed as a useful tool for encoding conformal properties of the metrics on manifolds. Indeed, 
if given g on M one calculates the quantities 9^,T^^^,t^, then the corresponding quantities for the 
conformally rescaled metric g' = e~'^'^g are given by H21(l with A = 0} 



The curvature of lo is 

and has the rather simple form 



R = duj + Lu Au; 



/O {Dt^Y \ 



R 



C" 



\0 



g'^'^iDi 



(23) 



J 



with the 2- forms C"^^ and [Dt^]' defined by 



(24) 



Similarly to the properties of lu, the curvature R can be used to extract the transformations of Dt^ 
and C^^ under the conformal rescaling of the metrics. If g — > t;' = e~^'^g these transformations are 
given by (|24|l with = — V^(/>. In particular, if we freeze the Lorentz transformations of the tetrad, 
A^j^ = S'^vi then we see that the Weyl 2-forms constitute the conformal invariant. 



The curvature R of the Cartan normal connection uj is horizontal which, in other words, means that 
it has only 9^ AO"^ terms in the decomposition onto the basis of forms (6*^, d(f>, A~^l^dA'^p, d^^). Thus, 
the Hodge * operator associated with g on M is well defined acting on R and in consequence the 
Yang-Mills equations for R can be written 



D*R^d*R-*RAuj + ujA*R 
The following theorem is well known (see e.g. 0). 



0. 



(25) 



Theorem 2 The metric g on a 4-dimansional manifold M satisfies the Bach equations B^^ — 



if and only if it satisfies the Yang-Mills equations D * R 
connection associated with q. 



for the Cartan normal conformal 



In view of this theorem it is natural to ask about the normal conformal connection interpretation of 
N^up — 0, which together with B^^ = are sufficient for g to be conformal to Einstein. To answer 
this question we introduce indices A, _B, C, ... which run from to 5 and attach them to any 6x6 
matrix. In this way the elements of matrix R are 2-forms 



R' 



\RXj'^Ae'r 



(26) 



We define the 6x6 matrix of 2-forms R? ^ which is the appropriately contracted triple product of 
R, with matrix elements 



R 



AF 



'AE 



,B 



(27) 



^Note that A = means that = — Vjj</<, where = e'^A'^^Vi/. Admitting which are not gradients in the 
definition of H allows for transformations between different Weyl geometries [{g, A)] 
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The symmetric part of this matrix {R ) + R is of the form 





fo 







{rY + r' = 












lo 




pj 



(28) 



where and P are appropriate 2-forms on M x H. It foUows that under the assumption that 



this matrix has particularly simple form 



■3\T 



R^ = ie^^ 












(29) 



\ 



where 



-Ip X 

xV 



(30) 



(31) 



and Na/3i is given by . The proof of this fact consists of a straightforward but lengthy calculation 
which uses the identities Hll() and H14|l . This enables us to formulate the following theorem. 

Theorem 3 Assume that the metric g satisfies 

on M . Let u he its Cartan normal conformal connection with curvature R and the matrix R^ as 
above. Then the metric is locally conformally equivalent to the Einstein metric if and only if the 



(i) D*R^O 



and 



(ii) [R-^y + i?^ = 0. 



(32) 



The above condition (ii) can now be compared to the Baston-Mason conformal connection interpre- 
tation of the condition i?^i/p = 0. According to them, this condition is 

(ii') [i?+,,i?;J-0, (33) 

where i?+ = ^,0'^ A 9'^ and R~ — \R~f^yO^^ A 9" denote, respectively, the self-dual and anti-self- 
dual parts of the curvature i?, i.e. — zLiR^, and R = i?"*" © R~. 
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